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Abstract 

The assumption that an ensemble of classical particles is subject to 
nonclassical momentum fluctuations, with the fluctuation uncertainty 
fully determined by the position uncertainty, has been shown to lead 
from the classical equations of motion to the Schrodinger equation. 
This 'exact uncertainty' approach may be generalised to ensembles 
of gravitational fields, where nonclassical fluctuations are added to 
the field momentum densities, of a magnitude determined by the un- 
certainty in the metric tensor components. In this way one obtains 
the Wheeler-DeWitt equation of quantum gravity, with the added 
bonus of a uniquely specified operator ordering. No a priori assump- 
tions are required concerning the existence of wavefunctions, Hilbert 
spaces, Planck's constant, linear operators, etc. Thus this approach 
has greater transparency than the usual canonical approach, partic- 
ularly in regard to the connections between quantum and classical 
ensembles. Conceptual foundations and advantages are emphasised. 
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1 Introduction 



Uncertainty is a fundamental element of quantum mechanics: states cannot 
simultaneously assign small uncertainties to every observable; measuring one 
observable changes the uncertainties of other observables; vacuum uncertain- 
ties lead to macroscopic phenomena such as the Casimir effect. 

The aim of the exact uncertainty approach is to show that uncertainty 
may be promoted to the fundamental element distinguishing classical and 
quantum mechanics. In this approach nonclassical fluctuations are added to 
the usual deterministic connection between the configuration and momentum 
properties of a physical system. Making the postulate that the uncertainty in- 
troduced to the momentum (i.e., the fluctuation strength) is fully determined 
by the uncertainty in the configuration (i.e., by the configuration probabilty 
density) then leads from the classical to the quantum equations of motion 



The exact uncertainty approach has certain advantages over the canonical 
approach (eg, there are no assumptions or postulates required regarding the 
existence of wavef unctions, Hilbert spaces, and operator orderings), and even 
its apparent limitations are of interest (the fluctuation strength must con- 
tribute quadratically to the energy for the approach to go through, which is 
in fact guaranteed for all known particles and bosonic fields). The approach 
is thus rather economical, in that it appears to provide the bare minimum 
that is necessary for the description of physical quantum systems. 

This review begins with a careful discussion of the exact uncertainty 
approach for particles in section 2. This focuses attention on the main ideas 
underlying the approach, and in section 3 allows for the separation of these 
ideas from some of the distracting technical complications that arise in their 
application to gravitational fields. Benefits of the exact uncertainty approach 
are discussed in section 4, as well as some interpretational issues. 

2 Exact uncertainty approach: particles 

2.1 Black magic and the Schrodinger equation 

In the canonical quantisation procedure for a spinless particle, one begins 
with the classical Hamiltonian 
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One then introduces a 'wavef unction' ip{x, t), residing in the Hilbert space of 
square-integrable functions on configuration space, and a constant, h, having 
units of action, and writes down the hnear equation of motion 



2m 



V^ip + Vip. 



(2) 



The wavefunction is given physical import via the statistical prediction that 
the probability density for a position measurement is given by 



The above recipe immediately raises a number of questions, especially for 
the student meeting quantum mechanics for the first time. Where do ip, h 
and i come from ? Why write down a linear operator equation ? How does 
probability suddenly appear ? The more advanced student may also worry 
about operator ordering problems - for example, if the mass m is position 
dependent, how does one decide between m'^p^, pm~^p, etc, to get the 'right' 
Schrodinger equation ? 

Thus, in the canonical approach, there appear to be many elements of 
'black magic' involved in moving from a classical to a quantum description. 
Of course it can be argued that this is not a fundamental difficulty, as quan- 
tum mechanics must in the end be justified by its physical applicability, 
rather than by any particular relationship with classical mechanics. Even so, 
this relationship is so tenuous in the canonical formulation that it is little 
wonder that quantum mechanics is so difficult to understand, even before one 
gets to the measurement problem. Bell inequalities, etc. 

In the following subsections a rather different approach is taken to ob- 
taining the Schrodinger equation in which the connection between the 
quantum and classical equations of motion is much stronger, and where the 
primary difference may be understood in terms of statistical uncertainty. 

2.2 Ensembles on configuration space 

The core concept in the exact uncertainty approach to quantisation is statis- 
tical uncertainty. Rather than bringing in probability as an interpretational 
follow-up to the ad hoc introduction of a wavefunction, probability is instead 
built into the approach from the very beginning, and wavefunctions and the 
Schrodinger equation are derived rather than postulated. 




(3) 
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In particular, consider the possibility that, whether for theoretical or prac- 
tical purposes, the position of a particle is an inherently imprecise physical 
notion. Thus, to describe position, one must introduce a probability density, 
P{x,t), on configuration space, and deal with a corresponding statistical en- 
semble of particles. 

To describe the dynamics of such ensembles, it will be assumed that 
the evolution of the fundamental quantity, P{x,t), follows from an action 
principle. This immediately requires the existence of some conjugate function 
S{x, t) on configuration space, and a corresponding ensemble Hamiltonian 
H[P,S,t], such that the equations of motion are generated by the action 
principle 6A = 0, with j3] 



A 



dt 



H + 



dx P—— 
dt 



(4) 



Note that one could, of course, deal with a Lagrangian rather than a Hamil- 
tonian formalism, but the latter has some technical advantages and so 
will be used here. 

The corresponding equations of motion for P and its conjugate S have 
the Hamiltonian form 



dP 
'dt 



dS_ 
'dt 



Jp 



(5) 



as a consequence of Eq. (jU, where 5/ 6f denotes the functional derivative with 
respect to function / [Sj- It may be shown that conservation of probability re- 
quires that the ensemble Hamiltonian H is invariant under S — 5" + constant 
Note also that if H has no explicit time dependence then its value is a 
conserved quantity j^, corresponding to the energy of the ensemble. 

As a particular example of interest, consider the 'classical' ensemble 
Hamiltonian defined by 



Hc[P,S] :-- 



1 dxP 






2m 



(6) 



for some constant m and function V{x). Note that this is the simplest pos- 
sible form for H that is scalar, linear in P, and which conserves probability. 
The corresponding equations of motion follow via Eqs. (0) as 



dP 
'dt 



+ V. 



P 



m 



0, 



dS |V5|2 

h + V 

dt 2m 



0. 



(7) 
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The first of tliese may be recognised as a continuity equation for an ensemble 
of particles having flow velocity v = m'^VS, and the second as the Hamilton- 
Jacobi equation for a classical particle of mass m moving in a potential V 
[Sj. Note also that He indeed corresponds to the average energy of a classical 
ensemble, providing that VS is interpreted as the momentum of a particle 
at position x. 

The above formalism, based on an action principle for the position proba- 
bility density, thus successfully describes the motion of ensembles of classical 
particles. However, it is considerably more general in its applicability (see 
|lj for a review). In particular, the essential difference between classical and 
quantum ensembles becomes a 'matter of form', being characterised by a 
simple difference in the forms of the corresponding ensemble Hamiltonians, 
He and Hq. In the 'exact uncertainty' approach to be followed here, this 
makes the technical leap from classical to quantum motion relatively small 
in comparison with the canonical approach. It will be argued that the con- 
ceptual leap is also smaller, being based on a single nonclassical concept: the 
addition of nonclassical momentum fluctuations. 

2.3 Adding momentum fluctuations 

As noted above, H^ in Eq. © corresponds to the usual energy of a classi- 
cal ensemble if it is assumed that VS" is the particle momentum associated 
with position x. However, given that position has been taken to be an in- 
herently imprecise notion, requiring a statistical ensemble for its description, 
the classical assumption of a deterministic connection between position and 
momentum is not necessarily warranted or justifiable. Hence this connection 
will be relaxed to the assumption that the physical momentum is of the form 

p = VS + f, (8) 

where the fluctuation field / vanishes everywhere on average. Note that such 
fluctuations introduce indeterminism at the level of individual particles, as 
they remove the possibility of integrating v = m~^VS to obtain particle 
trajectories. However, as will be seen, these fluctuations need not remove 
determinism at the ensemble level. 

An overline will be used to denote averaging over the fluctuations at a 
given position. Thus / = and p = VS by assumption, and the classical 
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ensemble energy is replaced by 



+ /•/) + V 

(9) 

Thus the classical energy is increased by the average kinetic energy of the 
momentum fluctuations. 

The question now is whether this modified classical ensemble, incorpo- 
rating nonclassical momentum fluctuations as per Eq. (jH)), can be subsumed 
within the general formalism of the previous section. The answer is clearly 
yes, provided that the average strength of the fluctuations at each point, /./ 
in Eq. is determined by some function of P, S and their derivatives, i.e., 

77 = a(x,P,5,VP,V5,...), (10) 

where the dots denote possible higher derivatives of P and S. For one can 
then define a modified ensemble Hamiltonian 

H,[P, S\ := HAP, Sl^fdxP -(-•P'S,vp.vs,..:) j^^^ 

consistent with Eqs. (jH)) and Q, and which reduces to the classical ensemble 
Hamiltonian in the limit of vanishing fluctuations. 

The aim of the exact uncertainty approach is to fix the form of the func- 
tion a, and hence that of Hq, uniquely. This is done by requiring three 
generally desirable principles to be satisfied (causality, invariance and inde- 
pendence), as well as an 'exact uncertainty' principle. The resulting equa- 
tions of motion for P and S are equivalent to the Schrodinger equation for a 
quantum ensemble of particles. 

2.4 Obtaining the Schrodinger equation 

Four suitable principles for determining the function a in Eqs. ()10|) and (jlip 
have been discussed in Refs. P] and [S]. Slightly different versions are given 
here, based on those used for bosonic fields in Ref . , so as to make a more 
direct connection with quantum gravity. 



< E> 



dx P 
dx P 



\2m)-^\VS + + V 
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H,+ I dxP^. 

2m 
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The first three principles are very natural on physical grounds, and hence 
are not considered particularly restrictive. They require that (i) the modified 
ensemble Hamiltonian Hg in Eq. All]) leads to causal equations of motion 
(thus a can cannot depend on second and higher derivatives of P and S); 
(ii) the respective fluctuation strengths for non-interacting uncorrected en- 
sembles are independent (thus /i./i and /2./2 are independent of Pi and P2 
respectively, when P{x) = Pi{xi)P2{x2)); and (iii) the fluctuations trans- 
form correctly under linear canonical transformations (thus, noting Eq. (jH)), 
/ — >■ f for any invertible linear coordinate transformation x — >■ L~^x). 

The fourth and final principle is, in contrast, rather more restrictive, re- 
quiring that (iv) the strength of the momentum fluctuations, a = f.f, is 
determined solely by the uncertainty in position (thus, since P contains all 
available information about the position uncertainty, a can in fact only de- 
pend on X, P and its derivatives). This is referred to as the exact uncertainty 
principle [H 121 IS], since it postulates a precise (but unspecified!) relation 
between the fiuctuation statistics and the position statistics. 

As has been shown elsewhere [H El Ej, the above four principles lead to 
the unique form 

if JP, S] = H,[P, S] + C jdx (12) 

where C is a positive universal constant (i.e., having the same value for all 
ensembles). Moreover, if one now defines 

h := 2VC, := /Pe'^/^ 

it is straightforward to show that the equations of motion for P and S are 
equivalent to the Schrodinger equation (and its conjugate) in Eq. (j21). 

Note that the four principles used above may all be expressed in terms of 
the statistics of the nonclassical momentum fiuctuations. Thus the amount 
of 'black magic' required to obtain the Schrodinger equation is reduced to 
a single nonclassical element, in contrast to the many ingredients needed in 
the canonical approach. Further comparisons are made in section 4. 
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3 Exact uncertainty approach: gravity 



3.1 Ensembles of gravitational fields 

The general framework of the exact uncertainty approach has been carefully 
laid out in the previous section. Its application to quantum gravity is con- 
ceptually very much the same as for quantum particles, but account must be 
taken of technical complications such as replacing probability functions by 
probability functionals, and dealing with constraints. Technical details have 
been discussed in Ref. j2] (which deals with bosonic fields in general), and 
hence it is the conceptual elements which will be emphasised here. 

The configuration of a classical gravitational field is determined by the 
corresponding metric 

ds'^ = -{N^ - h'^NiNj)df + 2Nidx'dt + hijdx'dx^ 

in spacetime, where N and Ni are the lapse and shift functions, and hij 
is the spatial 3-metric. Since the lapse and shift functions may be specified 
arbitrarily (reflecting invariance under arbitrary coordinate transformations) , 
the configuration space of the field is the set of spatial 3-metrics {hij}. 

As for the case of particles in section 2, consider now the possibility 
that the configuration of the field is an inherently imprecise notion, hence 
requiring a probability functional, P[hij], for its description. It will again 
be assumed that the dynamics of the corresponding statistical ensemble are 
generated by an action principle, 6 A = 0, with 









1 dt 


H + 






J dt_ 



analogous to Eq. (jlj). Here / Dh denotes the functional integral over the 
configuration space, and the ensemble Hamiltonian H is dependent on P[hij] 
and its conjugate functional S[hij]. It follows that the equations of motion 
for the ensemble have the Hamiltonian form 

aP_A^ dS__ AH_ 

where A/AF denotes the variational derivative with respect to functional F 
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A suitable 'classical' ensemble Hamiltonian may be constructed from 
knowledge of the classical equations of motion for an individual field, and 
is given by the functional integral |2] 

H,[P, S]= j Dh PHo[Kj, 5S/5Kj\, (14) 

where the functional Hq has the form 



(15) 



Here Gijki is the Wheeler-DeWitt supermetric, V is the negative of twice the 
product of the 3-curvature scalar with (det h)^^"^, and \ j denotes the covariant 
3-derivative. Eq. (jl5|) may be recognised as the single-field Hamiltonian jB] . 

It may be checked that the equations of motion corresponding to the 
ensemble Hamiltonian in Eq- ()14|) are given by 



where one defines 

6 S 

hij := NGijki— Niij — Njii. 

These equations of motion correspond to the conservation of probability with 
probability flow hij, and the Hamilton- Jacobi equation for an individual grav- 
itational field with configuration hij [HIHlini- 

As is well known, the lack of conjugate momenta for the lapse and shift 
components and Ni of the metric places constraints on the classical equa- 
tions of motion |6j. In the ensemble formalism these constraints take the 
form ^ 



5P 


6P 


dP 


In ~ 




~ 'dt 


6S 


6S 


dS 


In ~ 


SNi 


~ 'dt 



' 5P^ 
5hij^ 

5hij^ 



0, (16) 
0, (17) 



and correspond to invariance of the dynamics with respect to the choice of 
lapse and shift functions and initial time, and to the invariance of P and S 
under arbitrary spatial coordinate transformations. 
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Applying these constraints to the above classical equations of motion 
yields, for the 'Gaussian' choice iV = 1, A'j = of lapse and shift functions, 
the reduced classical equations 

* W.#1=0. iG,.##l + l/ = (18) 



Shij \ Shki J 2 5hij 5hki 

for P and S. 



3.2 Obtaining the Wheeler-DeWitt equation 

The exact uncertainty approach of sections 2.3 and 2.4 may now be followed 
in a straightforward manner to obtain a modified ensemble Hamiltonian that 
generates the quantum equations of motion. It is first assumed that the 
classical deterministic relation between the field configuration hij and its 
conjugate momentum density ir^^ is relaxed to 

ohij 

analogous to Eq. (jHJ, where vanishes on average for all configurations. 
This adds a kinetic term to the average ensemble energy analogous to Eq. (0), 
with 

H, ■={E) = H, + ]^j DhP j dx NG^.uJW 

(note that the term in Eq. ()15|) linear in the derivative of vr*-' can be integrated 
by parts to give a term directly proportional to tt*-' , which remains unchanged 
when the fiuctuations are added and averaged over). 

One now fixes the form of the the modified Hamiltonian Hq using pre- 
cisely the same principles of causality, independence, invariance and exact 
uncertainty used in section 2.4 (see Ref. j2] for technical details), leading to 
the result 



C r r A ()P 

H,[P, S] = H,[P, S] + -J DhJ dxNG,,Mpjj^,jj^^, (19) 



analogous to Eq. ()12j) . where C is a positive universal constant (i.e., with the 
same value for all fields). 
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The corresponding modified equations of motion may be calculated via 
Eqs. (Uni), and the constraints in Eqs. (fTH|) and (fT7|) applied to obtain reduced 
equations analogous to Eq. (fTH|) . If one now defines 

h:=2VC, ^[/li,] := /Pe*^/^ 

these reduced equations can be rewritten in the form [2j 



6 „ 6 



Gijkl— h V 



2 5hij 5hki 



^ = 0. (20) 



which may be recognised as the Wheeler-DeWitt equation for quantum grav- 
ity. Note further that the constraints in Eqs. (fTH|) and ()17p may be rewritten 
in terms of the wavefunctional ^ as 

One very interesting aspect of the Wheeler-DeWitt equation derived in 
Eq. (j^ni) is that it has been obtained with a particular operator ordering: the 
supermetric Gijki is sandwiched between the two functional derivatives. This 
contrasts with the canonical approach, which is unable to specify a unique 
ordering |B] . It should be noted that different orderings can lead to different 
physical predictions jTU]; and hence the exact uncertainty approach is able 
to remove ambiguity in this respect. An analogous removal of ambiguity is 
obtained for quantum particles having a position-dependent mass with 
the exact uncertainty approach specifying, via Eq. (fT^. the unique 'sandwich' 
ordering 

in^ = ^v.-v^i, + v^ (22) 

ot 2 m 
for the corresponding Schrodinger equation. 



4 Discussion 

It has been shown that uncertainty can be taken as the conceptual basis for 
quantisation, for both particles and gravitational fields. Physical ensembles 
are described by a probability density on configuration space, P; a corre- 
sponding conjugate quantity 5*; and an ensemble Hamiltonian H[P,S]. The 
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transition from classical ensembles to quantum ensembles then follows as a 
consequence of the addition of nonclassical momentum fluctuations, under 
the assumption that the fluctuation uncertainty is fully determined by the 
configuration uncertainty. 

In contrast to the canonical approach, the Schrodinger and Wheeler- 
DeWitt equations are derived in the exact uncertainty approach, rather than 
simply postulated. Further, while the canonical approach requires the ad hoc 
postulate of a statistical connection between probability and the wavefunc- 
tion, as per Eq. Q, in the exact uncertainty approach this connection is a 
simple consequence of the definition of ip in terms of P and S. 

Note that no assumptions concerning Hilbert spaces, linearity, superpo- 
sition, entanglement, wavefunctions, operator-ordering or the like are used 
or required to obtain the quantum ensemble Hamiltonian (and hence the 
quantum equations of motion). Moreover, Planck's constant appears as a 
consequence of a derived universal scale for the nonclassical momentum fluc- 
tuations, as opposed to being an unexplained constant multiplying time and 
configuration derivatives in the canonical approach. It is concluded that the 
exact uncertainty approach provides, both conceptually and technically, a 
far more constructive approach to quantum mechanics. 

Another point of interest, in regard to the comparison between the canon- 
ical and exact uncertainty approaches, is the apparent limitation of the latter 
to a restricted class of systems. In particular, the momentum of a classical 
ensemble must contribute quadratically to the ensemble energy for the exact 
uncertainty approach to go through, whereas the canonical approach is indif- 
ferent in this regard. Fortunately, however, all nonrelativistic particles and 
all relativistic integer-spin fields fall within this 'quadratic' class (essentially 
as a consequence of the fundamental equation of motion for the configuration 
being second order in time, as per Newton's second law), and hence all such 
systems are covered by the exact uncertainty approach as described above 
(fermionic fields will be discussed elsewhere). Another example of physical 
economy is the removal of operator-ordering ambiguities, such as in Eqs. fl2Up 
and (j22|) (and also for the Ashketar-Wheeler-DeWitt equation j2]): there is 
simply no room for such ambiguities in the exact uncertainty approach. 

The minimal interpretation underlying the exact uncertainty approach 
is that the configuration of a physical system is an inherently imprecise no- 
tion at a fundamental level, requiring the configuration to be modelled by 
a statistical ensemble in general (eg, P(x), P[hij\). Moreover, the nature of 
this intrinsic uncertainty is such as to preclude a classical deterministic rela- 
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tionship between the configuration and its conjugate momentum: one must 
introduce nonclassical fluctuations into this relationship (eg, p = VS + /). 
However, the degree of indeterminism is precisely determined, at the en- 
semble level, being directly specifled by the conflguration uncertainty (eg, 
/./ = a(x,P, VP)). Note that this interpretation is consistent with, and a 
signiflcant sharpening of, the statistical interpretation of quantum mechanics 
jllj . Some comparisons with other interpretations have been made elsewhere 

mm 

As might be expected, the exact uncertainty principle may be exemplifled 
via exact uncertainty relations, that quantify the precise connection between 
the momentum fluctuations and conflguration statistics at the ensemble level. 
These relations have been studied in detail for quantum ensembles of particles 
m and bosonic flelds ^H] • For the case of a one-dimensional quantum 
particle they take the form 

6xAf = n/2 (23) 

for all pure states, where 6x denotes a measure of position uncertainty from 
classical statistics called the Fisher length ^21- This relation is far stronger 
than (and implies) the usual Heisenberg uncertainty relation AxAp > h/2. 
It can equivalently be expressed as an operator relation in the standard 
quantum formalism, where A/ is replaced by the uncertainty in the optimal 
estimate of the momentum from the measurement of position on a known 
state [121 US]- 

The existence of an exact uncertainty principle (and exact uncertainty 
relations), holding for the conflguration and momentum uncertainties of all 
states at all times, is reminiscent of various 'exact resonance' conditions in 
semiclassical quantum mechanics. For example, one can obtain the 'correct' 
energy levels of a hydrogen atom by allowing only classical orbits which 
contain an exact number of deBroglie wavelengths, and the 'correct' energy 
levels of a harmonic oscillator by allowing only classical orbits with an action 
given by an integer multiple of h. In contrast, the exact uncertainty principle 
is fully dynamical in nature, holding for both stationary and nonstationary 
states, and, moreover, is 'correct' for all quantum systems. 

Note finally that the formalism of ensembles on configuration space, based 
on the assumption of an action principle for the probability density, is in 
general quite useful for discussing classical and quantum ensembles on equal 
terms - whether or not one is actually interested in 'deriving' one type of 
ensemble from the other, and whether or not one uses the exact uncertainty 
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approach to do so. For example, this formahsm makes it quite clear that 
the classical h ^ limit of the Schrodinger equation is a classical ensemble, 
rather than a classical particle. The formalism also allows for the treatment 
of classical and quantum constraints on an equal footing 
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